The Cooper Union
Department of Electrical Engineering
ECE135 Engineering Electromagnetics
Vector Analysis
March 8, 2012

Vector Calculus Identities

V(fg) = fVg+gV/f
v(fé — (V.-G+G-Vf
V x f@) = fo@+Vf><é
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VxVf =0
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Vi = V.V/f
VG = V(V-G)—Vx(VxG)
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Rectangular Coordinates: (z,y, 2)

7= xay +Yya, + 20,
ay X Gy = @,
Qy X G4, = Gy
Ay X Gy = Gy

Cylindrical Coordinates: (r,¢, z)

¥ = ra,+ 20,
ar X Gy = Q
ap X G, = ay
a, X ap = Q¢
a, = cos@a, + sin ¢a,
Gy = —sin@a, + cos Pa,
a, = a,
r = rcoso
= rsing
z = z

¥ = ra,
ar X Qg = Q4
dg X d¢ = dr
ap X dr = fbg
a, = sin# (cos ¢a, + sin ¢a,) + cosba,
ay = sinf(—sinpa, + cos ¢a,)
ag = cosb (cospa, + sinpa,) — sinba,
r = rcos¢sinb
= rsin¢sinf
z = rcosb



Differential Forms and Operators

Rectangular Coordinates: (z,y, 2)
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VxG =

Vif =
V3G = V?G,a, + V2Gya, + V3G,
Differential volume : dvol = dzdydz

Cylindrical Coordinates: (r, ¢, 2)
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Differential volume:
dvol = rdrdodz

Differential surface area (constant r):

dS = rdedz



Spherical Coordinates: (r,0, ¢)
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Differential volume:
dvol = r? sin @drdfdeo

Differential surface area (constant r):

dS = r?sin OdOd¢



Free-Space Constants

Speed of light: ¢~ 3 x 10® m/ sec

Permittivity: ¢ = uolc2 ~ ﬁ x 107% ~ 8.854 x 10712 F/m

Permeability: p, = 4m x 1077 H/m
Impedance: 1y = \/f1p/€0 ~ 1207 ~ 377 Q

Additional Remarks

r and a, for cylindrical coordinates are not the same as r and a, for spherical coordinates.
Some texts use different symbols (e.g., r for cylindrical case and R for spherical case); we
will just be clear to indicate the coordinate system in use.

as does denote the same vector in either cylindrical or spherical coordinates, and the para-
meter ¢ is the same in both cases as well.

It is important to recognize that the vectors a,, a, in cylindrical coordinates and a,, ag, Gg
in spherical coordinates are not constant, but are spatially varying. This causes formulas
involving V to become complicated. Specifically: a5 = a4 (¢) depends on ¢ only. In
cylindrical coordinates, a, = a, (¢) depends on ¢, not r or z. In spherical coordinates,
a, = a, (0, ¢) and ay = ay (6, ¢) depend on both angle parameters, but not r.

For a vector field G (7), V3G = (V2Gx) gy + (V2Gy) a, + (V2GZ) a, in rectangular co-
ordinates!! In the other coordinate systems, since the unit vectors are spatially varying,
similar decompositions are not correct; for example, in spherical coordinates:

V3G # (V2G,) ar + (V2Gy) Gy + (V2Gy) g

The correct formulas are quite complicated, and are not included in these notes. The
coordinate-free definition of V2@ is:

Vzé:V(V'é)—VX (vw?)

0 is called the polar angle and ¢ the azimuth. 6 = 0 at the “north pole” and # = 7 at the
“south pole.” In some situations, it is more convenient to work with §' = 7/2 — 6, called
the elevation angle; #' = 0 in the zy-plane, #' > 0 in the upper hemispher, and §' < 0 in the
lower hemisphere.

In general, a vector field is specified uniquely up to an additive constant by its divergence
V-F = g(7) and curl Vx F = G (7); g and G can be specified arbitrarily (i.e., independently
of each other). Similarly, a scalar field is uniquely determined, up to an additive constant,
by its gradient Vf = G (7).



